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Hybrid Classical-Quantum Logic-Based Benders Decomposition

Algorithm for Large-Scale Integrated Seru Scheduling

Abstract: Motivated by the conversion of large-scale assembly lines into order-driven serus at
Lenovo’s laptop manufacturing factory, LCFC (Hefei, China), this paper investigates the integrated
“Order-Device-Worker” scheduling in seru production systems. This problem constitutes a complex
combinatorial optimization challenge within the context of large-scale discrete manufacturing. The
challenges stem from nonlinear worker processing times and sequence-dependent setup times, which
collectively contribute to an NP-hard structure that is intractable using conventional exact solution
methods.

To tackle these computational challenges, this paper proposes a tractable mixed-integer second-
order cone programming (MISOCP) model and an effective hybrid quantum logic-based Ben-
ders decomposition (Q-LBBD) algorithm. First, by exploiting structural properties and leveraging
second-order cone (SOC) duality theory, we establish an exact MISOCP reformulation of the orig-
inal mixed-integer nonlinear programming model, enabling exact solution via existing branch-and-
cut algorithms. Second, we propose an efficient hybrid classical-quantum Benders decomposition
algorithm. This approach decomposes the MISOCP model into a master assignment problem and a
set of NP-hard sequencing subproblems, which are reformulated into quantum-solvable QUBO
forms and solved by the Coherent Ising Machine. Our algorithm introduces two key innova-
tions: (i) to accelerate convergence, we develop a sequence-independent setup time decompo-
sition method based on linear programming, which yields strong combinatorial and analytical
Benders cuts that are proven to dominate traditional no-good cuts; (ii) to alleviate the computa-
tional burden on the quantum processing unit, we design an alternating cut strategy that prunes
infeasible solutions before quantum execution, and a variable-reduction strategy integrating re-
duced cost fixing and dual picking to decrease the number of 0-1 decision variables.

Numerical studies demonstrate that the proposed Q-LBBD with CIM guarantees optimality
while achieving a 98%—-99% runtime reduction compared with Gurobi. Furthermore, the proposed
variable reduction technique facilitates deployment by achieving average fixation rates of 14.95%
for raw Ising variables and 23.27% after precision adaptation. Overall, these results verify the

superiority of the CIM-based hybrid quantum computing paradigm for industrial scheduling.

Keywords: Seru Production System Logic-Based Benders Decomposition Coherent Ising Ma-

chine Hybrid Classical-Quantum Computing
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1 Introduction

In the Industry 4.0 era, with the increasingly drastic fluctuations in production demand and
the continuous shortening of product lifecycles, rapid response capability has become as crucial as
production volume and variety diversity [[13]. However, traditional assembly lines, built upon large-
scale production and task specialization, struggle to meet the demands of a rapidly evolving market
landscape [[7]. Inspired by Japanese electronics manufacturers, a novel production paradigm known
as Seru production has emerged. Seru production takes place within at least one Seru production
system, which comprises one or more Seru units [8]. Each Seru is an assembly cell containing sim-
ple equipment and one or more multi-skilled workers [5]. By strategically coordinating personnel,
equipment, and products, Seru production achieves an organic unity of efficiency, flexibility, and
responsiveness. Seru production involves two core processes: Seru formation and Seru scheduling.
Seru formation determines the number of parallel Serus to be constructed and the worker compo-
sition within each unit; whereas Seru scheduling determines which Seru processes each product
batch. In practice, these two processes are often interrelated; thus, considering their synergistic
optimization is of significant practical importance.

The superior reconfigurability and rapid response capability of Seru production make it a
widely adopted method in modern manufacturing systems. Laptop manufacturing factories employ
Seru production lines to tackle the challenges of high-demand-fluctuation products while ensuring
high quality and short delivery times. These lines specialize in producing high-urgency, customized

business laptops (as shown in Figure ).
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Figure 1 The integrated “Order-Device-Worker”’scheduling at Lenovo’s laptop manufacturing factory, LCFC
(Hefei, China)

The Seru production line operates through four main stages: pre-assembly, assembly, testing,
and packaging (as shown in Figure ). In the seru production line in Lenovo’s laptop manufactur-
ing factory, upon receiving customer orders, the pre-assembly stage is responsible for the material

preparation and processing of semi-finished products. These semi-finished products are integrated
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and assembled into complete laptops using specialised equipment and tools in the assembly stage.
The testing stage rigorously evaluates the hardware functionality, ensuring the laptops meet quality
standards. Finally, the packaging stage completes the production process by securely packaging the
laptops. The assembly stage is the core of the Seru production line, utilizing a Rotating Seru system.
A Rotating Seru is a U-shaped line consisting of two or more cross-trained workers. These workers
are responsible for assembling the product from start to finish, moving with the product sequentially
from one workstation to the next to perform value-added operations. Upon completing tasks at the
last workstation, they return to the first workstation to begin assembling the next product.

Stage II: Assembly
Stage I: Pre-assembly (Rotating seru production) Stage I1I: Testing Stage IV: Packaging
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Figure 2 Schematic diagram of a Seru production line in a large laptop manufacturing factory.

A primary advantage of the Rotating Seru system lies in its flexibility to handle fluctuating
production demands, particularly when processing customized laptop orders with short lead times.
Compared to two other Seru forms—Yatai (booth) and Divisional—Rotating Seru stands out for
its superior efficiency and flexibility. The Yatai system relies on a single person to complete unit
tasks, whereas Rotating Seru involves multiple workers, enabling higher productivity to meet daily
rush orders. Divisional Seru typically consists of workers assigned to specific workstations on the
line; since each worker is responsible only for tasks within a specific area, flexibility is limited. In
contrast, Rotating Seru allows cross-trained workers to complete all tasks without interruption. This
shift has led to a drastic reduction in assembly flow time from 32 minutes to 15 minutes and reduced
high work-in-process inventory from 70 units to 8 units, which is crucial for the rapid production
cycles required for high-end laptop manufacturing. Additionally, the physical layout of Rotating
Seru imposes constraints, such as prohibiting workers from overtaking one another.

Despite significant progress in the field of Seru production operations, existing research has
not fully addressed the computational challenges in large-scale collaborative scheduling, primarily
reflected in the following three aspects:

First, a lack of exact algorithms for large-scale complex Seru systems. Due to the hetero-
geneity of workers in Seru systems leading to nonlinear processing times (synergistic effects) and
involving complex sequence-dependent setup times, existing studies mostly rely on meta-heuristic

algorithms or simple enumeration. When facing industrial-scale problems, the computation time of
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these methods increases exponentially with the number of workers, making it difficult to guarantee
solution optimality.

Second, the NP-hard nature of subproblems constitutes a computational bottleneck. In
Seru scheduling, determining the job processing sequence within each unit is essentially a Traveling
Salesman Problem (TSP). As the number of batches increases, existing decomposition algorithms
are inefficient in repeatedly solving these NP-hard sequencing subproblems, severely hindering al-
gorithm scalability.

Third, emerging quantum computing technologies have not been fully utilized to solve
such complex industrial scheduling problems. Although Coherent Ising Machines (CIM) show
great potential in solving combinatorial optimization problems, there is currently no research apply-
ing them within the Benders decomposition framework for Seru production scheduling, and how to
handle qubit scale limitations remains an unresolved issue.

To fill the aforementioned research gaps, this paper proposes a Hybrid Classical-Quantum
Logic-Based Benders Decomposition (Q-LBBD) algorithm. The main contributions of this paper

are summarized as follows:

1. Proposed the first MISOCP reformulation for SPPs. We provide equivalently tractable
MISOCP reformulation for SPPs, which can be exactly solved by existing branch-and-cut
methods. Existing exact algorithms require enumerating all possible seru formations due to
the nonlinear characteristic of SPTs, resulting in an exponential computational complexity. To
address this difficulty, we analyse the structural properties of robust SPTs and derive compu-
tationally tractable reformulations. To the best of our knowledge, it is the first equivalently
tractable MISOCP reformulation for SPPs. Moreover, a set of symmetry-breaking constraints
is introduced to speed up the search process.

2. Proposed the first Hybrid Classical-Quantum LBBD algorithm for the Seru integrated
scheduling problem. We decompose the problem into a Master Problem responsible for
worker and job assignment, and Subproblems responsible for job sequencing. Addressing
the issue of weak lower bounds in existing decomposition methods, we propose a Sequence-
Independent Setup Time Decomposition (SISTD) strategy. Unlike existing heuristic estimates
[9], we extract the maximum possible sequence-independent components through a linear pro-
gramming model, significantly tightening the subproblem lower bound. Based on this, we de-
rive problem-specific Combinatorial Benders cuts and Analytical Benders cuts, theoretically
guaranteeing the effectiveness of the cuts and their dominance over traditional no-good cuts.

3. Constructed a subproblem solver and variable fixing technique based on the Coherent
Ising Machine. We reformulate the sequencing subproblem into a Quadratic Unconstrained
Binary Optimization (QUBO) model suitable for quantum computing. To overcome quantum
hardware scale limitations, we design a variable reduction method integrating Reduced Cost
Fixing and Dual Picking. This method effectively reduces problem size, making it possible to
solve large-scale industrial instances using limited qubits.

4. Extensive experimental validation based on industrial data. Numerical experiments show
that the Q-LBBD algorithm reduces computation time by over 97% compared to Gurobi on
small-scale instances; on larger-scale instances, it also achieves efficient solutions within a

short time, validating the potential of quantum computing in smart manufacturing scheduling.
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Hybrid Classical-Quantum Logic-Based Benders Decomposition Algorithm for
Large-Scale Integrated Seru Scheduling
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Figure 3 Framework of this paper

The remainder of this paper is organized as follows: Chapter ] constructs the mathematical
model for the Seru production problem and performs the Second-Order Cone Programming refor-
mulation. Chapter [§ details the design of the hybrid quantum LBBD algorithm, including the SISTD
strategy, cut derivation, and quantum solution scheme. Chapter f reports numerical experimental

results and algorithm performance analysis. Finally, Chapter [ concludes the paper.
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2 Seru Production Model

This section first formally outlines the problem description of the seru production problem
(SPP), defining the sets, decision variables, and specifically characterizing the nonlinear syner-
gistic effect among multi-skilled workers. Subsequently, a mixed-integer nonlinear programming
(MINLP) model is constructed to minimize the makespan. To address the computational intractabil-
ity arising from the non-convex constraints and bilinear terms within the MINLP, we then derive
an exact mixed-integer second-order cone programming (MISOCP) reformulation based on convex
optimization theory. Finally, the complete tractable MISOCP model, augmented with linearization

techniques and symmetry-breaking constraints, is presented.

2.1 Problem description

The Seru Production Problem (SPP) mainly consists of two core subproblems: Seru Formation
and Seru Scheduling. The Seru Formation subproblem aims to determine the number of parallel
Serus to be built and the worker composition within each Seru; the Seru Scheduling subproblem
aims to determine which Seru each product batch is assigned to for processing.

Let Z = {1,...,1} denote the set of available workers, and M = {1,..., M} denote the set
of potential Serus (satisfying M < I). In the Seru formation phase, workers need to be assigned to
potential Serus. Define binary decision variable x;,,, where x;,, = 1 if worker ¢ € 7 is assigned to
Seru m € M, and z;,, = 0 otherwise. When se7 Tim = 1, it indicates that Seru m is formally

constructed. The set of feasible Seru formation plans X is defined as follows:

X:{x

This constraint ensures that each worker must be assigned to exactly one Seru.

Zximzl,ximE{O,l},VieI,mEM}. (1)

meM

LetJ = {1,..., J} denote the set of product batches, with each batch j containing B; products
of the same type. In the Seru scheduling phase, batches need to be assigned to the constructed Serus.
Define binary decision variable z,,;, where z,,; = 1 if batch j € J is assigned to Seru m € M,

and z,,,; = 0 otherwise. The set of feasible Seru scheduling plans Z is defined as follows:

Z:{Z

In the Seru system, worker heterogeneity results in varied processing efficiencies for different

> =1, zij{O,l},VmeM,jej}. 2)

meM

products. Let ¢,; denote the Worker Processing Time (WPT) for worker 7 to process a single product
in batch j. Due to differing skill levels, WPT can be expressed as the product of the standard
processing time s; and the worker’s skill level f;;, i.e., t;; = fi;5;. According to [[11]] on Rotating
Seru, a single worker possesses the capability to complete the entire product assembly. Given a Seru

formation plan z, the average processing time e,,; for batch j on Seru m can be expressed as:

o Bidliertistim
mj - .
ZieI Lim

A distinguishing feature of the Seru system is the synergistic effect among multi-skilled work-

3)

ers. Collaboration often yields efficiency gains beyond simple linear addition [L0]. Considering this
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synergistic effect, the actual processing time (Seru Processing Time, SPT) p,,,; for batch j on Seru
m 1s defined as [4]:
Emj . Bj Ziel tijxim

i = 4
Pmi ZiEI Tim (ZiGI mim)Q ( )

The squared denominator (Z et xim)Q in Equation (i) clearly characterizes this nonlinear syner-
gistic property, which is the core reason making this problem difficult to solve using traditional
linear programming.

The sets, parameters, decision variables, and auxiliary variables involved in this paper are de-
tailed in Table [Il.

Table 1 Parameters and Variables Notation

Sets

z Set of workers, indexed by i € {1,...,|Z|}
M Set of potential Serus, indexed by m € {1,..., | M|}
J Set of product batches, indexed by j € {1,...,|7]|}

Jo Extended set of batches (including dummy node 0), j € {0,1,...,|7|}

Parameters

B; Number of products in batch j

tij Unit time for worker ¢ to process a single product in batch j

5k Setup time required to switch from batch j to batch k (j, k € Jo, j # k)
€ A very small positive number to prevent division by zero

Dm;  Big-M parameter, defined as B, maxX;cz t;;

Decision Variables

Zim  Binary variable: 1 if worker ¢ is assigned to Seru m

Zmj  Binary variable: 1 if batch j is assigned to Seru m

U, Binary variable: 1 if Seru m is used (non-empty)

Yjkm Binary variable: 1 if batch k is processed immediately after batch j in Seru m
Pm;  Continuous variable: Total processing time of batch j on Seru m

l,m;  Continuous variable: Linearized actual processing time (0 if z,,; = 0)

wm;  Continuous variable: Auxiliary variable for subtour elimination (MTZ)

Cimax  Continuous variable: System makespan
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2.2 Mixed-Integer Nonlinear Programming Model (MINLP)

Based on the above definitions, the goal of the deterministic Seru Production Problem (SPP) is
to find the optimal production plan (z, z) to minimize the makespan. This problem can be modeled
as the following MINLP:

(SPP) min Chux (%)
st > win =1, Viel, (6)
meM
szjzl, Vj€j7 (7)
meM
> i NI Tim,  YmE M, (®)
JjeT i€l
Pmj Z : ZlEI ng ’ Vm € Ma] € ja (9)
(Xiez wim)” +e
CYmax > Z ZmjiPmys Vm € M7 (10)
Jj€ET
Lim, ij S {Oa 1}7 VZ, m)j' (11)

2.3 MISOCP-Based Reformulation

The aforementioned MINLP model contains non-convex constraints () and bilinear terms
ZmjDmj ([Ld), which cannot be directly solved by existing branch-and-bound algorithms. Therefore,

we reformulate it into a Mixed-Integer Second-Order Cone Programming (MISOCP) model.

2.3.1 SOC Representation of Nonlinear Constraints

Lemma 1 By introducing auxiliary variables C;,,;, the nonlinear constraint (9) is equivalent to the

following set of SOC constraints:

2
(pm] + 1)2 Z Z (2 V Bjclmj) + (pWL] - 1)27 vmaja
€L
2 ) 2 (12)
(Cimj + Zmzm> 2 (2t113/4xzm> + (Cimj - Zmzm> ) vmvjal
i€l 1€EL

Proof 1 Let (irmj = \/tijxim/ziez Zim, then the original constraint is equivalent to p,,; >
B;>" Cfmj. Using the algebraic identity 4zy = (z + y)* — (z — y)?% the above inequality can

be transformed into a standard rotated second-order cone form, as stated in the lemma.
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2.3.2 Linearization of Bilinear Terms

For the bilinear term z,,;p,; in constraint (), introduce variable l,,,; = 2., ;pm; and use the

Big-M method (Glover’s linearization) for linearization:

lmj S ﬁmjzmja
lmj S Pmjs (13)

lmj 2 Pmj _Z/)\m_](l - ij)a
Ly > 0.

Where p,,,; = B, max, t;; is a sufficiently large upper bound parameter.

2.4 Equivalent MISOCP Model

Based on Lemma [l| and Glover’s linearization method, we reformulate the deterministic SPP
into the following Mixed-Integer Second-Order Cone Programming (MISOCP) model. This model
eliminates the fractional non-convex constraints and bilinear terms from the original MINLP and

can be directly solved exactly by modern commercial solvers such as Gurobi or CPLEX.

Proposition 1 The deterministic Seru Production Problem is equivalently reformulated as the fol-
lowing MISOCP model:

(MISOCP) min Cinax (14)
st (12) — (13), (15)
Z Tim = 1, Vi € I, (16)
meM
Z ij = 1, V] c j, (17)
meM
D zms SITID @im, YmeEM, (18)
JjeJ i€l
Crax > Z lmjy Vm € M, (19)
JjeT
S i > e, vm € M, (0)
i€T
> zmg > i, Vm e M, @1
JjeT
1€L
Um > Umi1, Ym < | M|, (23)
i—1
> Thm = Timi, Vm < |[M|,i>1, (24)
k=1
Tims Zmj, Um € {071}> Vi,m,j, (25)
Pmij, lmj7 Cimja Crmax > 0. (26)

Constraints ([L6)-([L§) form the basic resource assignment logic, ensuring unique assignment of work-
ers and batches, and preventing batches from being assigned to idle Serus. Constraints ([L9) handle
the bilinear term z,,;p.,; in the objective function. By introducing the auxiliary variable [,,,;, we
convert the logical relationship if z,,; = 0, the processing time does not count towards the total

makespan” into linear constraints.
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3 Hybrid Classical-Quantum Logic-Based Benders

Decomposition Algorithm

Addressing the challenges of tight variable coupling, significant nonlinear effects, and the NP-
hard nature of subproblems (TSP) in Seru production scheduling, this chapter proposes a Hybrid
Classical-Quantum Logic-Based Benders Decomposition (Q-LBBD) algorithm. Instead of stopping
at the traditional Benders decomposition framework, this algorithm designs a two-level acceleration
mechanism for large-scale collaborative scheduling problems: tightening lower bounds and reduc-
ing subproblem calls at the classical level via Sequence-Independent Setup Time Decomposition
(SISTD) and alternating cut strategies; and breaking the computational bottleneck of sequencing
subproblems at the quantum level utilizing a Coherent Ising Machine.

As shown in Figure §, Q-LBBD decouples the original problem into a Master Problem (MP)
responsible for worker and job assignments, and multiple Subproblems (SPs) responsible for job
sequencing. The overall interaction flow and core improvement strategies of the algorithm are as

follows:

1. Decoupling of Master and Subproblems: The MP determines the assignment plan for work-
ers and jobs, passing the parameterized allocation scheme Z, Z to the SPs; given the allocation,
the SPs solve single-machine sequencing problems aiming to minimize the makespan.

2. Classical Acceleration Layer based on SISTD: To overcome the poor quality of relaxed lower
bounds in traditional LBBD, we first introduce the SISTD strategy before solving the NP-hard
job sequencing SPs. By constructing a linear programming model to extract the maximum
possible sequence-independent time components, we derive enhanced Combinatorial and An-
alytical Benders cuts that dominate traditional no-good cuts. Meanwhile, adopting an Alter-
nating Cuts mechanism, we use the computationally cheap SISTD lower bound as a "filter” to
directly intercept and prune obviously infeasible master problem solutions, thereby avoiding
ineffective calls to NP-hard job sequencing SPs.

3. Quantum Acceleration Layer based on Ising Machine: For difficult SPs that cannot be
filtered by SISTD, we reformulate them into Quadratic Unconstrained Binary Optimization
(QUBO) models. To handle industrial-grade instances within limited qubit scales, we intro-
duce variable reduction techniques integrating Reduced Cost Fixing and Dual Picking, finally
efficiently searching for the optimal permutation of the subproblem using the Coherent Ising

Machine and feeding the generated Benders cuts back to the MP.

The Master Problem and Subproblems are solved via Branch-and-Check until the gap between
the upper and lower bounds of the problem closes. The specific implementation details are elabo-

rated in the following sections.
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Figure 4 Overall framework schematic of the Hybrid Classical-Quantum LBBD algorithm.

3.1 Master Problem Model (MP)

The Master Problem is responsible for determining worker assignments x;,,,, batch allocations

Zmj, and the relaxed values of processing time variables p,,,;. To handle logical relationships, we

introduce auxiliary variables [,,,; for linearization. Let R,(m, j) be the set of cuts for processing

time p,,,;, and R be the set of cuts for setup times.

min

(MP)

S.t.

Cmax
Constraints (@) — (I9),

@7
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linj < DmjZmyjs YmeM,jeT, (28)

Lj < Py, VmeM,jeJ, (29)

lnj > Pmj — Pmj (1 — 2Zmj), YmeM,jeT, (30)

Prmj = T (@), VYmeM,je T, ¥reRy,(m,j), (3l)

Crnax = D Ly + Uk, (x, 2), Vm € M,Vk € R, (32)
jeg

Tims Zmjs Um € {0,1},  Dmj,lm; > 0. (33)

Where I}, () is the function generated by Subproblem I for the r-th correction of the process-
ing time lower bound (see Section 3.2). U¥ (z, 2) is the function for the k-th Benders cut generated

by Subproblem II to constrain setup times (see Section 3.3).

3.2 Subproblem I: Nonlinear Processing Time Verification

3.2.1 Subproblem I Mathematical Model

Subproblem I aims to verify whether the processing time p,,; estimated by the Master Problem
is correct. For a given MP solution (Z, Z), we check if there exists p,,; < p,,;. Although this is

essentially a computational verification process, its implied optimization model is as follows:

St py = 2 2ier bisZim (35)
(PCiez Zim) +e

When the MP solution p,,,; violates constraint (B3), we add cuts. We provide two forms of cuts.

3.2.2 No-good Benders Optimality Cut

To ensure the nonlinear constraint (B3) holds for any Z € X, we introduce the following No-

good cut:

a; Q;
CED D2 DILEE DL B D (37)
i€S i€S i¢S i€S
The following proposition proves the validity of the No-good cut, i.e., this No-good cut guar-
antees the exact value of batch processing time at point # € X, while providing a lower bound for

processing time at other points.

Proposition 2 Foranyz € X, let S = {i : #; = 1} and m = |S|. Define the function

o) =3 o | mmm = |+ 305

ieS ieS i¢S i€S

Then

() = f(z), and I(x) < f(z), VreX.

Proof 2 For the current solution T, it is evident that [(T) = ) ,.s 2% = f(Z). For any other
solution x € X, i.e., forany S C T (|S| > 1), we have Zies T; —m — Zz‘gés x; < 0. Therefore,

(2) < Xies mz = (@),
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3.2.3 Basic Analytical Benders Cut

We derive a basic analytical cut that exploits the structure of the recourse function f(z). For
any incumbent Z € X, we construct an affine underestimator [(z) = o'z that is tight at Z and
valid for all z € X. The following propositions establish its validity and show that it dominates the

no-good cut.

Proposition 3 Foranyz € X, let S = {i : &; = 1} and m = |S|, and define |(z) = a"z. Set

%, icS,
Qi = a; 1 1 . —
7t (<m+1> - m> 2 4 ¢S

j€S

Then I(z) = f(Z) and l(z) < f(z) forall x € X.
Proof 3 For detailed proof, please refer to |Appendix 1.1

Proposition 4 For anyt € X, let S = {i : &; = 1} and m = |S|. The analytical cut ()

dominates the No-good cut Z(x) ie.,:

I(z) > (z), VreX.

Proof 4 For detailed proof, please refer to |Appendix 1.2,

3.3 Subproblem Solving Based on Coherent Ising Machine

Coherent Ising Machines (CIMs) are a type of optical quantum computer designed to solve
combinatorial optimization problems by finding the ground state of an Ising model. This architecture
has demonstrated advantages in handling large-scale problems. In this paper, we employ a CIM to
efficiently solve complex scheduling subproblems within our hybrid quantum-classical optimization

framework.

3.3.1 QUBO Model Reformulation of Batch Sequencing Subproblem

To utilize quantum computing for acceleration, we reformulate the aforementioned job se-
quencing subproblem into a Quadratic Unconstrained Binary Optimization (QUBO) model. For
Seru m and its corresponding batch set 7, (let N = |7,,|), a position-based encoding is adopted.
Given that the TSP model contains numerous inequality constraints, direct conversion to QUBO
form usually requires introducing extra auxiliary variables for equality handling. To avoid this, we
first equivalently transform the TSP into a Quadratic Assignment Problem (QAP), thereby enabling
direct conversion to the QUBO model while maintaining model equivalence without introducing

extra auxiliary variables.

N-1
(QAP,,) min Z Z Z $j,1W; kWL k41 (38)

k=1 jETm I€Tm I#]

st. > wje=1, Vk=1,---N, (39)
JETm
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N

ij,k = ]., V] S jma (40)
k=1
wj,k€{071}7 vjEjnwk:la'”N? (41)

where w; j, is a binary decision variable indicating whether batch j is placed at the k-th position. We

relax the constraints in the QAP model into the objective function H (w) via penalty coefficients P:

N-1
H(w)zzz Z Sj1W; kW k1

k=1 jeTm leTm 1#]
2

N N 2

P Y w1 4R Y ( w; g — 1) (42)
k=1 \jeIm J€Tm \k=1

The last two penalty terms ensure: exactly one batch per position, and each batch is processed

exactly once. This model can be directly mapped to the Coherent Ising Machine for solution.

3.3.2 Variable Reduction Technique: Reduced Cost Fixing and Dual Picking

Penalty terms in the QUBO objective often densify the QUBO graph, weakening preprocessing
such as Roof Duality [2, 6] (Figure F). To better leverage the Coherent Ising Machine, we propose
a variable reduction technique: build the linearized subproblem (QAP,,), compute reduced costs
from the dual of its LP relaxation with dual picking, and iteratively fix variables until no further

fixings occur. The resulting reduced instance is then converted to QUBO and solved.

A Fix Wikto 0
Lagrangian bound 1 \ '
i
SPm Feasible UB T ,’
H
Reformulation o Update
Constraint-guided inference
QAPn
Reduced cost (RC) Assignment constraints

Lagrangian bound 2 ¢ ;
Linearization Flow conservation constraints

/
/
/
\ 1 ll
QAPm LPm ol Infer new fixation
: \
Relaxation ~ \ LS «

LB W -
_____ X X Constraint-guided iterative refi Reduced QUBO
@ Optimal dual solution 1 of LPm o O | Pick optimal
@ Optimal dual solution 2 of LPm Q -+ dual solutions with
A Lagrangian bound 1 O large reduced costs
A Lagrangian bound 2 O

Reduced cost fixing and dual picking

Figure 5 Variable Reduction Technique: Flowchart of Reduced Cost Fixing and Dual Picking

Reduced Cost Fixing (RCF) removes variables that would make the objective exceed a known
upper bound. To obtain a tight lower bound, we introduce auxiliary binaries v, ;, where v; ;; = 1
iff batch j is assigned to position k and batch [ to position £+ 1. This yields the following equivalent

linearized model:

N-1
(QAP,,) IBlll;l Z Z Z 85105k (43)

’ k=1 GETm 1€ Tm, 177

st ) Uik = Wik Vi€ Tm k=1,...,.N—1, (44
1€Tm, 1#]
z 'Uj,k,l = wl’k+1, VZ (S jm, k' = 1, . ,N — 1, (45)

JETm, j#l
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> wik =1, Vk=1,...,N, (46)
JE€ETm

N

> wik=1, Vj € T, (47)
k=1
wjx €{0,1}, v € {0,1}. (48)

Constraints (#4)-(#3) ensure flow conservation between adjacent positions, i.e., if batch j is
assigned to position k, it must uniquely correspond to some batch assigned to position k + 1, and
vice versa. This structure ensures that auxiliary variables v; 5 ; accurately capture the adjacency
relationships in the original quadratic objective function.

Let (LP,,) denote the continuous relaxation of model (QAP,,,), and its optimal objective value
be denoted as h, serving as a valid lower bound for the Quadratic Assignment Problem. To further
enhance fixing capability, a Dual Picking strategy [[12] is introduced, i.e., selecting a set of Lagrange
multipliers from all optimal dual solutions such that the reduced costs associated with adjacent vari-
ables are maximized. Let a;, and 3; be the dual variables corresponding to position constraints and
batch assignment constraints respectively, and ;  and d; 5, correspond to constraints (#4) and (#3)

respectively. Based on these definitions, the dual picking problem can be formulated as:

N-1
(DP,,) amﬁaxé Z Z Z 8 k1(7,9) (49)
o k=1 j€Tm 1€ Tm, I£]
st sjka(7,68) >0, Vil € Tm, §#1, k=1,...,N—1, (50)
cikla, B,7,6) >0, Vj€ Tms k=1,...,N, (51)
N
> ax— Y Bj=h, (52)
k=1 F€Tm
ok, Bj, Viks Ok € R, (53)

Where the reduced cost of auxiliary variable v, ;, ; is defined as s; 1. ; (7, 0) £ 8.1+ Yk + 01, and
the reduced cost of position variable w; j, is defined as ¢; (v, 8,7,6) = a + B — Vil ppen—1} —

0jk—11{r>2y.

Proposition 5 (Reduced Cost Fixing based on Dual Picking) Let h be the optimal value of the
linear relaxation (LP,,) of the quadratic assignment problem, and h be a feasible upper bound. Let
(&, B, 4, 0) be an optimal solution to the dual picking problem (ﬁ)m) and (w*,v*) be the optimal
solution to (QAP,,). Then for any j € J, and k € {1,..., N}, the following conclusions hold:

1. Ifh+ Cj’k;(é\é,B,;y, 5) > h, then wy; =0.

2. If there exists | € J,, such that b+ s; .,(3,0) > h, then Vip, =0, and wi; +wfp, <1

Proof 5 For detailed proof. please refer to [Appendix 1.3.

To apply Proposition [, we first compute a feasible upper bound 7 for (QAP,,) via a fast
heuristic. The heuristic quickly constructs a feasible sequence (thus a feasible (w, v)) and evaluates

its objective value as h.
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3.4 Benders Cuts

Once the optimal solution 75 (Z,,) of Subproblem II is obtained, if the makespan estimated

by the Master Problem is too low, the following cuts are added.

1. Combinatorial Benders Cut If the subproblem solution indicates that the current assignment
plan (Z,,, J,n) causes the makespan to exceed the known upper bound U, implying this specific
”worker-batch” combination is infeasible. To exclude this specific combination (and cases contain-

ing more batches or exactly the same workers), we add the following cut:

Z Zmj + Z Tim — Z Lim S ’jm| + |:z-m| -1 (54)

J€ETm i€1m i€T\Im
——
Batch Part Worker Combination Part

Proposition 6 Given the currently infeasible assignment plan (I,,, J,n), the Combinatorial Ben-
ders Cut (54) can exactly cut off the current assignment plan (I,,, J), and holds for any plan

deviating from this assignment (reducing batches, reducing workers, or adding workers).
Proof 6 For detailed proof. please refer to [Appendix 1.4

2. Analytical Benders Cut Let 75 (Z,,) be the optimal objective value of Subproblem II, i.e.,
the minimum sequence-dependent setup time required for Seru m to complete all assigned tasks
under the current batch assignment Zz,,,.

If the current makespan C' of the Master Problem is less than the actual required total time, add

the following cut:

C2 g + T ) | Y 2img — 1T +1 (55)

JjeET J€ETm

Proposition 7 Let T (Z,,) be the optimal sequence-dependent setup time for Subproblem II given
batch set J,,. For any feasible solution (x, 2, p, Ciax) of the Master Problem, the above Analytical
Benders Cut always holds.

Proof 7 For detailed proof. please refer to [Appendix 1.3,

3.5 Algorithm Acceleration Strategy: Enhanced Sequence-Independent Setup
Time Decomposition (SISTD)

To obtain high-quality lower bounds while avoiding repeated solutions of expensive TSP sub-
problems (i.e., subtour elimination constraint related problems), we propose an Enhanced Sequence-
Independent Setup Time Decomposition (SISTD) strategy. Unlike existing heuristic decomposition
methods, this strategy constructs a linear programming model to obtain theoretically tightest decom-
position parameters, utilizes its dual properties to analyze algorithmic complexity, and reinforces the

Master Model through pre-calculated global cuts.
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3.5.1 Linear Programming Model for Optimal Decomposition Parameters

Definition 1 For any pair of tasks u,v € J, decompose the sequence-dependent setup time s,
into two sequence-independent components: intrinsic inbound penalty v'™ for task v and intrinsic
outbound penalty v"* for task u. This decomposition must satisfy the relaxed constraint of triangle

inequality properties: YoU! + 4™ < Sy,

Existing decomposition methods (e.g., max-sum heuristic in [9] or sequential decomposition
in [[14]) typically rely on fixed calculation orders (e.g., determining inbound components first, then
calculating outbound components). This sequential calculation process is often limited by the order
of computation, failing to fully extract potential sequence-independent times. To overcome this
limitation, we propose using Linear Programming (LP) to optimize all parameters simultaneously,
with the objective of “maximizing the sum of sequence-independent components,” thereby obtaining
a globally optimal decomposition scheme.

In the algorithm initialization phase, for a given batch set 7, we solve the following LP model:

max > (7" +0") (56)
veJ

st Y+ A < sy, Yu,v € T u# v (57)

> 0,72 >0, YveJ (58)

The above linear programming model contains 2|.7| variables and O(|7|?) constraints. No-
tably, its dual problem is equivalent to the Minimum Cost Flow (MCF) problem on a bipartite
graph. This special mathematical structure implies that although we use a general LP solver for
pre-calculation, in large-scale problems, this parameter can be efficiently solved via polynomial-

time combinatorial optimization algorithms []If].

3.5.2 Valid Inequality Generation Based on Subset Lower Bounds

Based on the optimal parameters 7" and 75! solved by the above LP, we can quickly estimate
the lower bound of minimum setup cost for any batch subset on a single machine.

For any given batch subset 7, C 7, its minimum setup time lower bound Vs;s7p (7)) can be
expressed as the sum of intrinsic inbound and outbound penalties of all tasks in the set. However, in
actual sequencing, the first task of the path does not need to bear inbound penalty, and the last task
does not need to bear outbound penalty. To ensure validity (Valid Lower Bound), we conservatively
subtract the possible maximum inbound penalty and maximum outbound penalty in that set from

the total sum:

Vsrsrn(Jk) = > ()" +75") — <maX 7;" + max 7‘"”) (59)
jeT JE€Tk JE€ITk

Utilizing this property, we randomly generate K groups of batch subsets in the preprocessing
phase and add global valid inequalities of the following form to the model. This constraint uses
Big-M logic to enforce that when machine m carries all tasks in subset J, (i.e., > zm; = | Tk |), its

makespan Cy,,x must include the intrinsic minimum setup cost Vsrsrp of that subset:

Cunax = O g + Vsrsto(Ti) - | Y 2mj — [Tkl +1] . ¥YmeMke{l,....K} (60)

JjeT JETk
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This series of inequalities utilizes pre-calculated optimal decomposition parameters, significantly

tightening the linear relaxation lower bound of Ciqy.

3.5.3 SISTD-Based Alternating Cut Strategy

To further reduce the computational burden of the algorithm in the branch-and-bound search
tree, we adopt an Alternating Cuts strategy. The core idea is to use the computationally cheaper
relaxed lower bound (i.e., the aforementioned SISTD) as a proxy for the expensive exact subproblem
(i.e., TSP), thereby reducing the frequency of calling the exact TSP solver.

In the Logic-Based Benders Decomposition (LBBD) framework, candidate solutions (Z, é)
provided by the Master Problem need to be verified by subproblems. Typically, we need to solve
the exact TSP subproblem to obtain the true cost Q(z). If 0 < Q(z), an expensive combinatorial
Optimality Cut is added. However, TSP belongs to NP-hard problems, and frequent calls are not
only time-consuming but often unnecessary in the early stages of search.

Based on the property Qsrsrp(z) < Qrsp(z), the lower bound Qsrsrp provided by SISTD
is a convex relaxation of the true cost. This alternating strategy effectively uses Qs;s7p as a filter
for feasibility checks, preventing unnecessary and expensive exact evaluation of obviously inferior

solutions. The specific flow is shown in Algorithm [I.

Algorithm 1 SISTD-Based Alternating Cut Generation

Require: Solution (Z, é), Sets Vip, Vezact
Ensure: Feasibility (True/False) and Cuts
1: if Z € Vggaor then
2:  return True
3. end if
4: Step 1: SISTD Screening
5. if z ¢ V p then
6: LB <+ ComputeSISTD(z); V.p < Vip U {z}
7. if§ < LB then
8: Add SISTD Cut (60);

9: return False
10: end if
11: end if

12: Step 2: Exact TSP Verification

13: Cost < SolveTSP(z); Visact < VEsact U {Z}
14: if § < Coost then

15:  Add Optimality Cut;

16:  return False

17: end if

18: return True
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4 Experiments and Results Analysis

4.1 Experimental Setup

To comprehensively evaluate the performance of the proposed hybrid classical-quantum Q-
LBBD algorithm in solving the ”Order-Device-Worker” collaborative scheduling problem in Seru

systems, we designed benchmark experiments based on real industrial scenarios.

4.1.1 Experimental Environment and Parameters

All classical computing parts of the experiments were run on a computer equipped with an
Intel Core 17-8700 CPU (3.19 GHz) and 8.00 GB RAM. The classical Master Problem and the
comparative Mixed-Integer Programming models were solved using the Gurobi 10.0 solver, with
the MIP gap tolerance set to 10~ and a global time limit of 3600 seconds.

For the quantum computing part, sequencing subproblems were solved by invoking the simula-
tion interface of the Coherent Ising Machine. The experimental code was written in Python, utilizing

the Ising Intelligence SDK interface for hybrid architecture data interaction.

4.1.2 Benchmark Instance Generation

Experimental instances were adapted from the classic Seru production benchmark dataset pro-
vided by []11], based on actual production data from a large laptop manufacturing factory. Con-
sidering the significant sequence-dependent setup time characteristics in the Rotating Seru system
studied in this paper, we generated enhanced test instances based on the original dataset combined

with actual distribution rules from the industrial site, using the following rules:
* Problem Scale: To test algorithm scalability, we set different combinations of scales.

— Number of workers (available resources) W = |Z| € {5,6,7};
— Number of order batches (task scale) J = | J| € {8,9, 10, 15,20};
— Number of potential Serus M = |[M| € {3,4}.

* Worker Processing Time (7;;): Reflects worker skill heterogeneity. According to [B], differ-

ent workers have varying proficiency f;;. We generate unit processing times using a uniform

distribution within the benchmark range:
T;; ~ U[1.0,3.0] (61)

* Sequence-Dependent Setup Time (S;;): This is a key parameter affecting sequencing deci-
sions. Simulate fixture change or material preparation time required to switch between different
batches, generated as follows:

Sy ~ U{2,8) (62)

* Batch Size (5;): The number of products in each batch follows a discrete uniform distribution

to simulate "high-variety, low-volume” order characteristics:

B; ~1{20,60} (63)
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4.2 Performance Comparison

4.2.1 Performance of Q-LBBD with Kaiwu SDK

As shown in Table [, the SDK-based Q-LBBD exhibits clear strengths over GUROBI in run-

time and robustness, but may sacrifice optimality in a few cases:

* Moderate Efficiency: For most instances where both methods finish, Q-LBBD is faster, with
time reductions ranging from 4.97% to 95.46%.

* Robustness on hard cases: When GUROBI hits the 3600-second limit (e.g., W = 7 and
some W = 5, 6 cases), Q-LBBD still returns solutions quickly (41.88-2315.58 s), achieving
96.54%—-98.84% improvement under the cutoff.

* Quality trade-off: Many solvable cases have identical objectives (Gap= 0), but several in-

stances show nonzero gaps (0.22%—3.18%), indicating a small loss of optimality.

Table 2 Performance Comparison and Improvement Rate: GUROBI vs. Q-LBBD (Kaiwu SDK)

W GUROBI Q-LBBD  Imp. Gap GUROBI Q-LBBD  Imp. Gap

is) obj ts) obj P O o obi i) obj O )

8 3548 93.62 32.17 93.62 9.33 0.00 189.4 89.26 12.87 89.26 93.20 0.00
9 3953 114.16 4340 114.16 - 0.00 322.27 111.96 58.58 111.96 81.82 0.00
510 6742 127.44 64.07 129.83 4.97 1.87 215.71 118.33 52.49 118.33 75.67 0.00
15 3139.08 187.56 440.12 187.97 85.98 0.22 >3600 - 169.99 174.82 95.28 -
20 >3600 - 2315.58 258.68 35.68 - >3600 -  380.53 228.83 89.43 -

8 181.44 81.04 34.06 83.62 81.23 3.18 591.68 77.31 26.86 77.31 95.46 0.00
9 140.79 97.52 54.50 97.52 61.29 0.00 783.95 90.58 55.75 90.58 92.89 0.00

6
10 334.01 106.70 73.44 106.93 78.01 0.22 >3600 -  62.27 105.30 98.27 -
15 >3600 -  329.89 157.8190.84 - >3600 - 262.32149.2492.71 -
8 >3600 - 4695 7092 98.70 - >3600 - 41.88 70.06 98.84 -
7 9 >3600 @ - 62.31 86.19 98.27 - >3600 -  50.05 80.43 98.61 -
10 >3600 - 124.63 94.25 96.54 - >3600 -  99.70 89.39 97.23 -

4.2.2 Performance of Q-LBBD with CIM

Table Bl shows that Q-LBBD on CIM is much faster than GUROBI (queuing time excluded)
while keeping high solution quality.
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+ Extreme Speed Advantage: For W =5, J = 8-10, M = 3, Q-LBBD cuts runtime by about
98%—99%.

* Solvability of Larger Scale: For larger J, GUROBI often times out, whereas Q-LBBD still
returns solutions quickly .

+ Optimality Guarantee: Whenever GUROBI reaches optimality, Q-LBBD matches the objec-
tive (Gap = 0.00%).

+ Advantage over SDK: Relative to Table P, CIM provides an additional one to two orders of

magnitude acceleration, and sometimes yields better objectives than the SDK results.

Table 3 Performance Comparison and Improvement Rate: GUROBI vs. Q-LBBD (CIM)

M=3 M=14

W T Gurosl Q-LBBD Imp. Gap GUROBI  Q-LBBD Imp. Gap

i) obj ) obj P g obj s obj B W

8 3548 93.62 031 93.62 99.11 0.00 189.40 89.26 0.65 89.26 99.66 0.00
9 39.53 114.16 0.73 114.16 98.14 0.00 322.27 111.96 1.12 111.96 99.65 0.00
510 67.42 127.44 1.01 127.44 98.50 0.00 215.71 118.33 1.24 118.33 99.43 0.00
15 3139.08 187.56 9.79 187.56* 99.69 0.00 >3600 -  8.88 174.82 99.75 -
20 >3600 - 25.75 245.67 99.28 - >3600 - 16.81226.86" 99.53 -

8 181.44 81.04 1.73 81.04 99.050.00 591.68 77.31 1.38 77.31 99.77 0.00
9 140.79 97.52 1.40 97.52 99.010.00 783.95 90.58 2.37 90.58 99.70 0.00

10 334.01 106.70 2.18 106.70 99.35 0.00 >3600 -  2.39 105.00* 99.93 -
15 >3600 - 17.44 157.81 99.52 - >3600 - 14.64 149.24 99.59 -
& >3600 - 1.70 7092 9995 - >3600 - 290 70.06 99.92 -
7 9 >3600 - 295 8562* 99.92 - >3600 - 2.75 8043 99.92 -
10 >3600 - 10.02 9425 99.72 - >3600 - 9.79 8939 99.73 -

* denotes an objective value better than that obtained using Kaiwu SDK.

4.2 .3 Scalability analysis of Sequencing Subproblem

To illustrate sequencing subproblem at different scales, we visualize its optimal solutions using
the equivalent Max-cut form in Figure [§. This is natural since the subproblem maps to an Ising
model. In the plots, node colors indicate spins (blue: +1, green: —1); gray edges are within a set
and red edges are across sets. Figures fi(a)—(c) correspond to J = 8,9,10. As .J increases, the
number of spins and couplings grows rapidly, leading to more complex cut patterns and higher

computational difficulty.
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(a) J = 8 (65-bit) (b) J = 9 (82-bit) (¢) J = 10 (101-bit)
Figure 6 Solution visualization of sequencing subproblem instances at different scales
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Figure 7 Ising dimension before/after precision adaptation and variable fixing.

Figure [] shows that CIM scalability is mainly limited by precision adaptation. While the raw
Ising dimension stays modest as J grows (e.g., 290 at J = 17), coefficient-splitting for 8-bit pre-
cision introduces many auxiliary variables, inflating the precision-adapted size to 1416 at J = 17,
which exceeds the CIM limit (dimension = 1000). Applying the proposed variable reduction tech-
nique to (QAP,,) before conversion fixes non-competitive variables while preserving optimality,
and significantly curbs this blow-up: for J = 17, the precision-adapted dimension drops from 1416

to 893, bringing the instance back under the CIM capacity.

4.2.4 Comparison of Cut Tightness

To verify the effectiveness of the proposed Basic Analytical Benders Cut, we compared the
tightness of the lower bounds generated by it against the classic No-good Benders Optimality Cut

during the iterative solution process of the Q-LBBD algorithm. As shown in Figure §, we selected
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several key sample points (or specific iteration steps) during the algorithm iteration to plot the com-
parison between the lower bounds provided by different cuts and the true values. In the figure, the
black solid line represents the true optimal objective value of the subproblem corresponding to the
current Master Problem solution, serving as the comparison baseline; the blue dotted line depicts
the lower bound approximation provided by the No-good Cut; the red solid line corresponds to the

lower bound approximation of the Analytical Cut proposed in this study.
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Figure 8 Tightness comparison between the proposed Analytical cut and No-good cut

Observations show that the red curve is strictly located above the blue curve and approximates
the black baseline more significantly. This phenomenon intuitively reveals that the Analytical Cut
possesses stronger tightness in the solution space. Specifically, since the No-good Cut is exact
only at the current solution (i.e., lower bound value equals true value), while its lower bound value

drops rapidly in regions slightly deviating from the current solution, leading to weak pruning capa-
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bility on the solution space. In contrast, the Analytical Cut utilizes key information on how worker
processing time changes with the number of people, constructing a tighter supporting hyperplane.
This superior tightness means the Analytical Cut can provide higher quality lower bound informa-
tion, thereby more effectively reducing the search space of the Master Problem and accelerating

the algorithm’s convergence process.

4.3 Quantum Computing Performance Analysis

4.3.1 Ising Machine Real Hardware Solving Efficiency

To evaluate the actual performance of quantum hardware in subproblem solving, we analyzed
the distribution of running times of the Ising machine under multiple calls, as shown in Figure 0.
Results indicate that the source of this acceleration is the rapid solving of the sequencing subprob-
lems within the proposed Q-LBBD algorithm. Figure B shows the Hamiltonian energy evolution
for subproblems of different sizes on the CIM. The plots show that the solver consistently finds a
low-energy solution, corresponding to an optimal task sequence, on a millisecond timescale (e.g.,

0.826ms for 10 tasks). This efficiency at the subproblem level directly contributes to the substantial

reduction in the overall algorithm’s runtime.
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Figure 9 Hamiltonian time evolution for different subproblem sizes.
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4.3.2 Algorithm Convergence Analysis

To examine convergence, Figure [L( plots the upper and lower bounds for instances of different
scales. In all tested settings, the upper bound decreases quickly at the beginning, while the lower
bound increases steadily as branching and cuts are added. As a result, the gap keeps shrinking and

becomes tight. This consistent pattern across different (W, M, J) indicates stable and repeatable

convergence of Q-LBBD with the Ising machine as the subproblem solver.

Convergence Curve (W=5, M=4, }=9)
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5 Conclusion

This paper addresses the integrated ”Order-Device-Worker” scheduling in Seru production, a
complex NP-hard problem involving nonlinear and sequence-dependent setup times. To overcome
computational bottlenecks in large-scale scenarios, we propose a novel Hybrid Classical-Quantum
Logic-Based Benders Decomposition (Q-LBBD) algorithm.

First, to accelerate convergence, a Sequence-Independent Setup Time Decomposition (SISTD)
strategy is developed. It uses linear programming to extract sequence-independent time components,
providing a tighter lower bound and generating efficient Benders cuts, thereby reducing costly sub-
problem calls.

Second, to solve NP-hard subproblems efficiently, we reformulate them as Quadratic Un-
constrained Binary Optimization (QUBO) models and solve them using a Coherent Ising Machine,
creating a hybrid computing paradigm. A variable reduction technique is designed to overcome
qubit limitations, enabling the solution of industrial-scale problems with limited quantum resources.

Numerical studies demonstrate that the proposed Q-LBBD algorithm, implemented by inte-
grating a coherent Ising machine (CIM) to solve the sequencing subproblems, guarantees global
optimality and reduces computation time by over 97% relative to Gurobi on large-scale instances,
verifying the superiority of the CIM-enabled hybrid quantum computing paradigm in industrial
scheduling.

Future work may extend the model to handle uncertainties like order fluctuations and worker
efficiency, and explore other quantum computing paradigms such as QAOA for further performance

comparison and optimization potential.
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Appendix

Appendix 1.1 Proof of Proposition 3

Proof 3 At point 7, [(Z) = Y., ¢ 2 = f(Z). It suffices to prove that for any x € X, i.e., for any

i€S m?2

S CZI (S| > 1), the following holds:
f@)—l) =Y (‘“’2 - 041) > 0.
ies \ 5]
(1) When1 < |S| < m, foranyi=1,--- ,|Z|: Ifi € S, then

a; a;

<7
m? = S

o; =

Ifi ¢ S, then

a; T 1 1 Z < a; < a;
o; = —_— — — a; < < .
IZ1?  \(m+1)> m? )« Z12 ~ |s)?

Therefore, when 1 < |S| < m, f(z) —I(x) > 0.
(2) Whenm + 1 < |S| < |Z|:

a; _ a; G
Z(ysﬁ _a’) B Z_<|S|2 m2> + Z- |S| !II2

i€S i€eSns ieS\S
Where A, = -5 — (mil)Q = m(ni+1) (%—1— m+1) Let |S\S|=1>1s0|S| <m+1.
Since:
1 1 1 1 1
<|5|2 - m2> Dz <|S|z> - mz> 2 2 <(m—|—l mz> >
i€SNS €S i€S
And \§|2 — III2 >0,
Dl RSN 37 D SIS pIETIv)
i€S\S |S| | | ieS i€S\S i€S i€S
Therefore:

€S

Because A, > Appy1 > -0 > A1, we have:

1 1
A, > A+ A e+ A1 > — - ——.
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Appendix 1.2 Proof of Proposition 4

Proof4 Foranyx € X, let S = {i: x; = 1}, then:

@) -iw= 3 (Z-a)+ >

—ARY ai+ Al +(m—-1)A

A e III2
i€SNS i€S\S i€S
a
> Z( )+Z |I|2 — Ap Zal—i—A +(m—1)A
ie8 i€S\S
a; 1
= _— i| =0,
2N\ @ ) 2
i€S\S €S
Where A =3, o 5.

Appendix 1.3 Proof of Proposition §
Proof 5 We prove the two statements by contradiction using the reduced costs induced by an optimal
dual-picked solution (&, 3,74, ) of(DP ).

=1
in an optimal integer solution (w*,v*) of (QAP,,). Let z*(jo, ko) be the optimal value of the LP
relaxation (LP,,,) with the additional constraint w;, , = 1. Since (LP,,) is a relaxation of (QAP,,)

1. Fixing of w; y. Fix any jo € J,, and ko € {1,..., N'}. Assume for contradiction that Wi =

and h is a feasible upper bound,

2" (j0, ko) < val(QAP, ) < h.
Consider the Lagrangian associated with the constraints of (LP,,,) using multipliers (o, 3,7, 9).

After regrouping terms, it can be written as

L(wfuvawgyﬁya Zak_ZB]+Z Zc]k(aﬂf% w]k+z Z ngkl% Vj k-

JE€ETm JETm k=1 k=1 jeJm l€Tm
I#j

For (&, 8,4, ) feasible to (IST) ), we have c; 1.(&, 8,%,6) > 0 and S (Y 6) > 0, and moreover
- Zszl Gk — D e, Bj = h. Hence,

w>r(r)11£1>OL(w 0,6, B,4,0) = b+ ¢jo.ro (&, 8,4, 9),

Wg, ko =1
because all other coefficients are nonnegative and are minimized by setting the corresponding vari-

ables to 0. By weak duality (Lagrangian relaxation provides a lower bound),

Zw(j07 kO) 2 h"’ Cjo,ko (da /37’3/7 S)

If h + ¢y 1, (&, B,4, 5) > h, this contradicts 2" (jo, ko) < h. Therefore w* , = 0.

Jo,ko T
2. Fixing of v, and adjacency exclusion. Fix any jo,ly € T, with jo # lo and any ky €
{1,...,N — 1}. By the same argument as in (1), if h + sj o1, (%,0) > h, then we must have
U;o7ko,lo =0.

Moreover, since v, i, represents the adjacency of (j, k) and (I, k + 1) enforced by the flow

conservation constraints (#4)-#3), v* = 0 implies that batches jo and ly cannot be assigned

Jo,kolo T
consecutively at positions ko and ko + 1, i.e., wj . +wp o < L.
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Appendix 1.4 Proof of Proposition [q

Proof 6 We discuss the value of the LHS expression LHS(x,2) = Y ic 7 Zmj + D ez, Tim —
Ziel\fm Zim by cases.
1. Case 1: Current worker and batch assignment plan recurs If z,,; = 1,Vj € Tm (retain all

batches), and x;,, = 1,Yi € I, (vetain all original workers), and x;,, = 0,Vi ¢ T, (no new
workers added). Then:

LHS = |jm‘ + |fm| -0= ‘jm| + ‘jm|
Substitute into inequality:
|\ Tl +1Zon| < | Tm| + |Zn| =1 = 0< —1 (Contradiction)

Thus, the current infeasible solution is successfully cut.
2. Case 2: Changing batch allocation If at least one batch j* € J,, is removed (i.e., 2+ = 0),
then the first sum is at most | J,,| — 1. The maximum possible value of LH S is:

LHS < (|Tm| = 1) +|Zn| = 0= |Tn| + |Zn| — 1

The inequality holds.
3. Case 3: Changing worker assignment
* Reducing workers: If at least one original worker i* € T, is removed (i.e., T = 0),
the second sum is at most |I,,| — 1. LH S decreases by 1, inequality holds.
* Adding workers: If at least one new worker k € T \fm is added (i.e., x,,;, = 1), the third
term (penalty term) is at least 1, i.e., — Y Tip < —1.

» Then the maximum value of LH S is:
LHS S |\7m| + |j-m| - 1

The inequality holds.

In summary, this cut only cuts the specific infeasible state of "current batch set processed by
current pure worker set (or its subset)”, while allowing any form of relaxation (reducing batches)

or enhancement (adding new workers), satisfying validity requirements.

Appendix 1.5 Proof of Proposition [7

Proof 7 Let 7, = {j € J | zm; = 1} denote the actual set of batches assigned to Seru m in the
Master Problem. According to the definition of the Master Problem model, C,,x must be greater

than or equal to the sum of total processing time and total setup time in that unit, i.e.:
Cmax 2 Z lmj + TSEt(jm)
JjeT
Where T*¢'(7,,) denotes the minimum sequence-dependent setup time corresponding to set Jy,.

Let the RHS of the cut inequality be RHS. We discuss two cases based on the inclusion rela-

tionship between batch set [J,, and the current actual assignment set Jp,:
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1. Case 1: Current batch assignment does not fully contain 7,
Ifjm & o, it means there exists at least one batch k € 7, not assigned to Seru m (i.e.,
Zmik = 0). Then, the summation term Zjejm Zmy < | Ton| — 1.
Consider the logic term on the RHS of the inequality:

D zmi =Tl + 1| < (1Tl = 1) = [Tl +1=0

J€Tm
Since setup time T3¢ (Z,,,) > 0, the product term is non-positive. Thus:

RHS <) 1,
JjeT
It is evident that the makespan must be greater than or equal to pure processing time, i.e.,
Crax > Y. jer lynj always holds. Therefore, in this case, Cyax > RH.S holds.
2. Case 2: Current batch assignment contains all elements of 7,

Ifjm C Jm, meaning for all j € T Zmj = 1. Then, the summation term Zjejm Zmj =
| Tnl.

The value of the logic term is:

JE€ETm
Thus, RHS = Zjej g + T3¢ (Z,,).
Since Jpy € Ty, i.€., T is a superset (or equal) of Jr,. According to the properties of the
Traveling Salesman Problem (TSP), satisfying triangle inequality, the path cost of visiting more

nodes will not be lower than the path cost of visiting its subset, i.e.:
Tset(jm) = Tset(jm) = Tﬁft(im)
Substituting into the definition of Cpax-

Conax = Y lnj + T (Tn) 2> lnj + T3 (Z) = RHS
JjeJ JjeJ
Therefore, the inequality holds in this case as well.

In conclusion, regardless of how the Master Problem assigns batches, this Analytical Benders

Cut always provides a valid lower bound for Cix.
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